Lecture 25. Linear dynamical systems

De(— A linear Agmmica\ system is an e%uaﬁon o= AX, for a saouare

—

motrix A and o se%ueﬂce of vectors ?D,YHXL)

—

Note (1) The vectors %o, X, X, are called the state vectors, which

moy represent o collection of aoua\nﬁﬁes ot chcmge over time.
eg. stock prices, city populations,
2) If the initial stote X, is known, the system has a um'laDue

solution given by =A%,

Prop Tf a square motrix A has a diagonalization A=PDP", its power

A" hos o &iagomlizaﬁom A'=PD"P”
eq. N'=(PDP") =PDP*PDP'=PD'P"
A= (PDP' ) =PDP*PDEPDP =PD’P"

Prop Given o &Iagom\ matrix D, its power D" is qiven ‘og raising each

diagonal entry of D to the n* power.
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Note If square motrix A hos o &iagomlizaﬁom, it is easy to find

the solution of the dynomical system 3= AX,-



Ex Find the solution of the dynamicol system Xu.,=AX, with

A= {T__ﬂ and %:{i}
Sol PN =N = (4= 1) A+ (4 (-)=(6) 1) =\ =3A+2= (A= 1)(A-2)

= A hos eigenvalues A=1,2
= A is diogonalizable

3-6| D2
{, _J = RREF(A—D—{D D}

(A-1)X =0 = X—2%=0= X= 2xzf>§’=t{2}

X2 =t

I

A-T

= Nul(A=1) hos a basis given by 7=[%}
26| o RIOE:
A—zl—[l _5} = RREF(F\—zD—[D D}

({‘\_21)?: —> — 3% = O—>X| 5X2—T—> :‘tl:?)}

X2=t

= Nul(A=21) hos a basis given by Wz{ﬂ

Hence A hos a &iaaomlizaﬁom A=PDP" with

R 0 eigenvalues
P = [| }QV\& D= { 2;’ for V,W
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Note Alfernatively, we woy compute X =A'X, by writing X os a

linear combination of V ond W.

We wont X%=yV +yW = X%=PY
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Eﬁ It POSSi\o\e, evaluate |im X, ftor the clgmvv\lca\ system o= AX, with

o8 06 L 0%
A= [o.z 0.4} ond %o = {0.5} :
Sol PM=N—(08+04))\+(08-04-06-02)=N~121+02=(\-1)(A-0.2)

= A has eigenvolues A=1,0.2
= A is diogonalizable

. _[-02 06| _. D3
- [22.98]= weran 0]

(A_I)Yzﬁ :> Xi—3%X, =0 :> X|:3X2—?;’ Y:'t l:?}

X2=t

_ _ 106 06| _. B RIOR
A 0.21—{0‘2 0.2}9 RREF(A 0.21)—{0 o}

= Nul(A=1) has o basis given by 7:[5}

(A—021)X =07 = XtX%=0= X= —XZT> X =1t }

X,=t LI

= Nul(A=0.21) has a bosis given by WZ[]I

Hence A hos a &iagomalizaﬁom A=PDP" with

3 o eigenvalues
P:[l } ond D= [OQ?\COV vV, W

= 9
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Note This dynomical system is colled o Markov chain as all columns

of A and all stote vectors are probability vectors

[i.e., consisting of nonnegative entries that odd up to 1)

For most Markov chains, the stote vectors converge to a

probability vector in the I-eigenspoce, as in this exomple |



